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ABSTRACT

Combinatorial optimization (CO) is the fundamental problem at the intersection
of computer science, operations research, and applied math. The permutation-based
combinatorial optimization studied in this thesis is the superset of real-world problems
including matching, ranking, routing, etc. Seeing the recent ground-breaking achieve-
ments of machine learning (especially deep learning), and being aware of the values of
CO in its scientific and engineering applications, applying machine learning to tackle
CO has become a trending research topic. Within the scope of permutation-based CO,
this thesis focuses on and extends two mainstream methodologies: 1) pure machine
learning solvers, and 2) machine learning fused with traditional solvers. Besides, the
author designs and implements open-source repositories for scientific research and other
downstream applications. The contributions of this thesis are summarized as follows.

Firstly, this thesis studies the theoretical insights for designing neural networks, and
tailors three pure machine learning solvers for three permutation-based CO problems in-
cluding graph matching, quadratic assignment, and cardinality-constrained combinato-
rial optimization problems. The output of the neural network meets certain permutation
constraints. These pure machine learning solvers accept problem inputs in math form,
then transform them into equivalent graph structures. Features are further extracted by
graph neural networks, followed by a differentiable layer (e.g. a Sinkhorn layer) to en-
force the constraints. Experiment results show the wide applicability and flexibility of
neural network solvers, surpassing traditional solvers in terms of efficiency and/or effi-
cacy in pure optimization tasks. This thesis concludes the following advantages of pure
machine learning solvers over traditional solvers: 1) The data-driven manner of ma-
chine learning mitigates the requirement of in-depth math knowledge, allowing easier
and more flexible solver design; 2) Compared to traditional solvers which are mostly
CPU-based, neural networks are more friendly to GPUs, leading to higher efficiency
by exploiting the power of GPUs; 3) Compared to traditional solvers which are usually
non-differentiable, the natural differentiability of neural networks allows joint end-to-
end learning of predictor networks and solver networks, enabling important applications
such as optimization with noises and decision-making under uncertainty.

Secondly, this thesis studies the paradigms to fuse machine learning with tradi-
tional solvers, taking the best of the two worlds offered by neural networksé high effi-
ciency and traditional solversd strong prior knowledge. There are three unique properties
of fused solvers compared to pure machine learning solvers: 1) The fused solvers are
more specialized, meaning that more domain knowledge is required when designing a
fusion paradigm of neural networks and traditional solvers; 2) The fused solvers are
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more reliable because the traditional algorithm can ensure the worst-case performance
thus being robust to issues such as network degeneration; 3) The neural networks are
easier to learn in those fused solvers because the neural networks can focus on learn-
ing simplified subproblems. Technically, this thesis designs three fusion paradigms, by
exploiting different natures of different problems. The first paradigm guides the tradi-
tional A* solver by machine learning to solve the graph edit distance problem, and the
experiment shows a significant reduction in the computational cost, with a negligible
loss in accuracy. The second paradigm develops an unsupervised deep graph matching
learning pipeline by guiding the neural network with traditional graph matching solvers.
The experiment shows that the unsupervised model is comparative to supervised state-
of-the-arts on smaller-scaled datasets, and the unsupervised model could serve as an
initialization and improve supervised finetuning on larger-scaled datasets. Thirdly, a
bi-level fusion framework is developed for general permutation-based CO problems.
Experiment results show the effectiveness and the fused solvers are superior to stand-
alone reinforcement learning or heuristic solvers.

Finally, this thesis presents open-source frameworks and systems for permutation-
based CO (especially graph matching and quadratic assignment). The open-source
projects are meant to further facilitate future research, and simplify the deployment and
application of those novel solvers. Specifically, a general graph matching library named
pygmtools is developed, equipping a universal APl with the support of linear matching,
two-graph matching, multi-graph matching, and neural graph matching. pygmtools also
supports the deployment of the aforementioned solvers across different platforms and
devices. Additionally, a deep learning system tailored for scientific research on graph
matching and quadratic assignment named ThinkMatch is developed. It covers the state-
of-the-art research progress and offers 8 novel neural networks with training/testing
protocols on 5 benchmark datasets. ThinkMatch has a flexible configuration system
and full-featured utilities. Besides, graph matching functionalities are developed for
the deep learning framework named Jittor whereby both traditional solvers and neural
network solvers are supported, and examples are released featuring typical applications.

In summary, this thesis studies machine learning methods for solving permutation-
based combinatorial optimization problems. Tailored for different problems, three pure
learning solvers are developed, and their superiorities are proved both theoretically and
empirically. This thesis also develops three paradigms fusing learning and traditional
solvers, with focuses on different aspects varying among problems. The open-source
projects summarize and distill the aforementioned methodologies. A large amount of
theoretical and empirical study shows that the methods proposed in this thesis reflect
the inherent nature of learning for CO, significantly improving the solution quality of

v
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learnable CO methods.

Key words: combinatorial optimization, permutation-based problem, deep learning,
graph neural networks, optimization solvers, graph matching, quadratic assignment prob-
lem, graph edit distance, cardinality constraint, Hamiltonian cycle problem, graph neu-
ral networks
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Figure 1-1 Representative examples of permutation-based combinatorial optimiza-
tion problems.
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Figure 1-2 Anexample of a permutation-based combinatorial optimization task.
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